We demonstrate the influence of dressed states on two-mode optical entanglement in a double Λ-type energy level atomic ensemble of parametric amplification four-wave mixing (PA-FWM) processes. By injecting a coherent or Einstein-Podolsky-Rosen field into PA-FWM channels, we investigate the corresponding entanglement. The quantum entanglement may be enhanced or suppressed via a bright state or a dark state. In free space, the two-mode entanglement is determined by nonlinear gain, which can be manipulated by field dressing in an atomic ensemble (i.e. Autler-Towns splitting, dressed enhancement/ suppression of entanglement). However, in a ring cavity, the cavity dressing brings about the AT-like splitting of entanglement. Such an entanglement profile may be modified by field dressing through vacuum Rabi splitting, vacuum-induced enhancement and suppression of entanglement.
I. Introduction
Quantum entanglement is an important characteristic of quantum mechanics and classical mechanics, essentially different means of delocalized and non-classical association between two or more quantum systems. It plays an indispensable role in quantum dense-coding [1] , quantum teleportation [2] , and quantum cryptography [3] . Therefore, to prepare a stable, efficient and reliable quantum entangled state is a major technical challenge. Generally, techniques for obtaining entangled states are based on either parametric down-conversion in solid-state crystals or spontaneous parametric four-wave mixing (SP-FWM) progress in atomic vapors. Traditionally, biphotons are generated from spontaneous parametric downconversion (SPDC) in nonlinear crystals, which have very wide bandwidth (THz) and ultra-short coherence time (ps) [4, 5] . At present, entangled photon pairs and beams are generated in atomic media using the SP-FWM processes [6] . In addition, operation in the de-amplification state of the non-degenerate optical parametric amplifier (NOPA), which generates Einstein-Podolsky-Rosen (EPR) entangled states as entangled resources, has completed a series of continuous variable (CV) quantum dense-coding and controllable dense-coding communication and entanglement swapping [1, 7] . Researches demonstrate that the spectral features can be controlled by the relative phase between the injected field and the pump field for phase-sensitive OPA inside the optical cavity by injecting a squeezed vacuum field [8] . Moreover, the CV quantum entanglement between amplitude and phase quadrature of optical modes produced from an NOPA can be 2 enhanced and manipulated by a subthreshold Type II OPA [9] . What is more, the multipartite CV quadripartite cluster and Greenberger-Horne-Zeilinger (GHZ) entangled states have been generated [10] . Meanwhile, quantum entanglement between frequency-nondegenerate optical twin beams has been researched [11] . Furthermore, the sufficient inseparability criterion [12] for CV multiparty multi-mode entanglement had been proposed.
In our previous studies, we have learned about entangled images from FWM. These can be implemented by two-mode quadrature squeezing in free space [6] and the tunable delay of EPR entanglement may be achieved by FWM squeezing [13] . The influence of dark states on single-mode and twomode optical squeezing in an atomic cavity coupling system through cascade nonlinearity [14] has been studied. In an experiment, we also demonstrated the parametrically amplified FWM (PA-FWM) progress in an atomic ensemble. Such an enhanced nonlinear process [14, 15] is used to generate the strongly two-mode bright beams in the cavity [16] and free space [17] with high efficiency and narrow bandwidth. In particular, the maximally multi-particle entangled states criterion and 8-particle entangled states [18] have been presented. Overall, two-mode entanglement has been reported comprehensively, but the manipulation of two-mode entangled states by the dressed state in atomic ensemble has not been reported theoretically or experimentally.
In this paper, we investigate the influence of nonlinear gain, field dressing and cavity dressing on the two-mode entangled state of the PA-FWM process by injecting the twomode coherent field as well as the EPR field. By adjusting the nonlinear coefficient via dressed states, we manipulate the quantum entanglement by AT splitting, dressed enhancement/ suppression in free space. It is indicated that the two-mode entanglement in free space can be achieved via nonlinear gain, and the profiles of AT splitting and dressed enhancement/suppression of entanglement come from field dressing. Besides, the competition of field dressing and cavity dressing in the ring cavity are investigated, which demonstrates that the cavity dressing leads to the AT-like splitting of entanglement and field dressing through vacuum Rabi splitting, vacuum induced enhancement/suppression of entanglement modifying the entanglement profile.
The paper is constructed as follows: in section II, first we briefly introduce the SP-FWM and PA-FWM processes, then we propose the inseparability criterion of two-mode entanglement in free space both in frequency and time domain, and in the atomic cavity in frequency domain, theoretically. In section III, we study two-mode entanglement in detail in free space and cavity with the dressed state, numerically. In section IV, we conclude the paper.
II. Basic theory
Firstly, we introduce the SP-FWM processes ( figure 1(a) ) which use a strong pump field denoted as E 2 (frequency ω 2 , wave vector k 2 , Rabi frequency G 2 ) and a coupling field E 1 (ω 1 , k 1 , G 1 ) for generating the entangled Stokes E S (ω S , k S , G S ) and anti-Stokes E aS (ω aS , k aS , G aS ) photons. Consider the double Λ-type energy level system of a Pr: YSO crystal as shown in figure 1(a) constructed by three energy levels |0〉, |1〉, and |2〉. The double Λ-type sub-system |0〉 → |1〉 → |2〉 in figure 1(a) can obtain a kind of optical SP-FWM process by coupling the corresponding laser fields to generate two SP-FWM processes with k S and k aS satisfying phase-matching conditions k S = k 1 − k aS + k 2 and k aS = k 2 − k S + k 1 in figure 1(a) , respectively. k 1 and k 2 propagate in the opposite directions, while k S and k aS are generated along different directions as shown in figure 1(b) satisfying energy conservation ω S + ω aS = ω 1 + ω 2 . We define the frequency detuning as Δ i = ω mn − ω i with resonance frequency ω mn and laser frequency ω i , and
, ϖ i is center frequency and δ is line-width. Since the SP-FWM process absorbs two photons and produces one Stokes and one anti-Stokes photon simultaneously, the two output photons of the SP-FWM process are highly correlated. (i = 1, 3), while M 2 and M 4 are highly reflective mirrors in figure 1(b) . The ring cavity contains four mirrors with a longitudinal cavity. Cavity-mode scanning and locking can be implemented by a piezoelectric transducer (PZT) behind M 4 . The length of the atomic vapor cell with the Brewster windows is La = 7 cm. The atomic vapor cell is wrapped in metal sheets to shield it from external magnetic fields, and a heat tape is placed outside the sheets for controlling the temperature. Since we do not consider Doppler effects, our analysis is also suitable for the standing-wave cavity. For the limit of the cavity, the conical emission disappears. However, if paired photons are prepared simultaneously, the entanglement between them still exists.
When k 2 is dressing field, k S and k aS become two dressed SP-FWMs. To simplify the calculation we consider ω S and ω aS as single-frequency light (i.e. δ = 0), and the corresponding dressed-state diagrams are shown in figure 1(c) when the energy level is at resonance in figure 1(a) . The strong pump When the frequency detuning Δ 1 (Δ 2 ) is scanned at different Δ 2 (Δ 1 ), spectrum variances of entanglement will have bright-and dark-state controllable conversion. In addition, based on the sufficient inseparability criterion for CV multi-mode entanglement, one can conclude that the sufficient inseparability criterion for any CV two-mode entan-
. Adjusting the parameters and satisfying the two-mode entanglement state, we deem it can generate two-mode entanglement with amplitude quadrature difference and phase quadrature summation of two-mode squeezing. The following is a detailed deduction:
II.A. Two-mode entanglement of PA-FWM
In double Λ-type the density matrix elements can be obtained by solving the density-matrix equations via the pathway 
(Stokes signal) and considering the dressing effect of E 2 , the corresponding third-order density matrix elements for k S is ( ) 
where G i = μ ij E ij /ħ and μ ij is the dipole momentum, Γ ij is the transverse decay rate between levels |i〉 ↔ |j〉, 
where (1) and (2) can be written as Next, we set Pr 3+ :YSO crystal cell in the ring cavity ( figure 1(b) ). With semi-classical approximation of the cavity effect, the cavity mode which was induced by FWM (E S and E aS ) and single-dressed by E 2 (E 1 ) can be obtained [19] as where the g N is the strength of the atom-cavity coupled with the single-atom cavity, which results from the resonantlyinduced spontaneous florescence by E 1 (equation (4b)) or E 2 (equation (4a)) which can cause the vacuum-induced AT splitting. g N has strength g and atom number N, and T is the transmission coefficient of the output mirror,
, where Δ is cavity detuning and γ c is the cavity losses. From equation (4) we can find
) are the cascade relationship in the denominator (dressing effect) of equation (4).
Generally, we assume the two outputs of SP-FWM (E S and E aS ) as much weaker than the coupling and pump fields, so they may be regarded as two classical fields (E 1 and E 2 ) and two quantum fields (described as a S and a aS ), respectively. Therefore, their Hamiltonian describing this SP-FWM process can be expressed as
Each SP-FWM process generates a S and a aS photons, simultaneously, which represent the annihilation operators of scattered signal, where κ 1 and κ 2 are two third-order nonlinear coefficients proportional to the nonlinear susceptibility of the medium and amplitudes of the fields, namely
2 S/aS 3 0 S/aS . In the following detailed calculation process, we can only consider one nonlinear coefficient κ 1 (
3 of equation (3)).
II.A.1. Frequency domain. According to the Heisenberg motion equation:
, when establishing the field operator equation in free space we only take into account the nonlinear gain (the cavity in figure 1(b) has been removed), with injecting the motion equations for a S and a aS which can be written as
where a aS in and a S in denote the injected fields in the k S and k aS channels, respectively. With the steady-state approximation and Fourier transformation ( ) ( )
for the operators in equation (6), we can deduce the annihilation operators as (7d)
The quantum states we define in this paper are described with the electromagnetic field annihilation operator
, and the commutation relation of a i and
, which can be expressed in terms of the amplitude
and phase
quadrature. When injected fields are coherent in nature then their fluctuation variance can be defined as
The amplitude quadrature and phase quadrature output modes can be expressed through equation (7):
In order to calculate the quantum correlation of PA-FWM progress, we define normatively amplitude quadrature and phase quadrature coupled mode
X d 2 is the amplitude quadrature difference squeezed light, and Y d 1 is the phase quadrature summation squeezed light. Through equations (8) and (9) in free space we have
(Ω is the analysis frequency), through equation (11) we can obtain
The quantum correlation variances of equations (11a) and (11b) are given bŷŶ
The inseparability criterion in terms of measurable entanglement variances of the two-mode state can be written as Similarly, we use the time domain to discuss the two-mode entanglement. When the PA-FWM process is derived by injecting coherent fields, the output amplified E S and E aS after an interaction time T in accordance with equation (6) can be written as
where medium length L = cT, ( ) a 0 S and ( ) a 0 aS are the annihilation operators of the output fields of the PA-FWM process. Through equation (14) the quadrature phase amplitudes of the output modes can be expressed by
The correlated variances can be obtained:
, so the inseparability criterion can be expressed bŷX
II.B. Two-mode entanglement of PA-FWM in atomic cavity
Now, theoretically, we study optical entanglement via the PA-FWM process in an atomic ensemble-cavity coupled system shown as figure 1(b) .
where θ p is the relative phase between pump lights and the seeding lights, and γ denotes the decay rate of the two-mode signals due to transmission of the input-output coupler mirror M 1 .
With the steady-state approximation and Fourier transformation ( ) ( )
for the operators in equation (17), we may get a S and a aS with θ p = 0 as Combining equations (18a)-(18d), we can obtain the quadrature phase amplitudes as (19d) where plus and minus symbols correspond to the condition of θ p = 0 or θ p = π, respectively. We have the amplitude quadrature summation ( Y d 1 ) and the phase quadrature difference ( X d 2 ) from equations (9) and (19): 
III. Numerical simulation and analysis

III.A. Two-mode entanglement in free space
First, we investigate the influence of nonlinear gain and the field dressing on two-mode entanglement when injecting coherent fields. For the investigations on the quantum correlation variances
in figure 2 , we can use equations (13) and (16) to exhibit the two-mode entanglement. When the injection is coherent, we have
. Figure 2 illustrates nonlinear gain and field-dressing effects acting on the two-mode entanglement. SNL is defined as shot noise limit with nonlinear coefficient κ = 0, and for our condition the SNL = 1. It is worth mentioning that in accordance with the inseparability criterion of two-mode entanglement, which we called the 'entanglement' indicates that the quantum correlation variances lie below the SNL for the twin beams. We also define the entanglement degree equal to unity when the quantum variances of the two-mode entanglement are zero, otherwise there is no entanglement when the variances are greater than or equal to SNL. It is obvious that κ affects entanglement; with κ increasing, the two-mode entanglement degree is also increasing in figure 2(a) . Meanwhile, it can be predicted that the nonlinear gain coefficient G = cosh 2 (κL) in equation (14) has a higher value with higher κ ( figure 2(a) ), thus the two-mode entanglement degree will be higher with G (κ) increased. Then, we can see that in figures 2(b1)-(b4) the curves are symmetrical on both sides +Ω and −Ω, and the largest value of κ is ( figure 2(b4) ), and the largest entangled degree can be obtained at the same frequency Ω/γ in figure 2(b). In particular, the maximum entanglement locates at Ω → ±∞, while the minimum entanglement at Ω → 0. It implies that the closer to zero the frequency is, the more difficult it is to obtain entanglement. This corresponds to the time domain, in equation (16), when medium length L = 0 corresponding to the entangled degree 0, and in the limit of L →∞is close to ideal entanglement. When L > 0, the entanglement
a a S 2 a a S 2 always holds in figure 2(c) . Meanwhile, the larger the κ ( figure 2(c4) ), the larger the entanglement degree obtained at the same L as shown in figure 2(c) , which matches the frequency domain in figure 2 (b). In comparison with figures 2(a)-(c), we can find that two-mode entanglement can be realized with nonlinear gain. Considering this, the nonlinear gain can be taken as a 'dressing-like' effect, which results in significantly two-mode entanglement.
Generally, κ can be modified by single dressing of E 2 in equation (3a), which results in the nonlinear gain modulation. Comparing with figures 2(d)-(f), the obtained results include pure results without a dressing effect ( figure 2(d) ) and the AT splitting of entanglement (figure 2(e)) when Δ 1 /γ is scanned, and the dressed enhancement/suppression of entanglement (figure 2(f)) when Δ 2 /γ is scanned. There is an inverted peak presented in figure 2(d) at resonance, which can be understood by the 'dressing-like' effect of nonlinear gain. Similarly, it can be observed that the inverted double-peaks (two-bright states) when the inverted single-peak in figure 2(d) is dressed split into two inverted peaks in figure 2(e) when Δ 1 /γ is scanned, the AT splitting is caused by the strong pump E 2 . We can use figure 1(c) to understand the AT splitting process. When Δ 1 /γ is scanned at Δ 2 = 0 and Δ 1 < 0, we have ω ϖ = (the twophoton resonance with |1〉), so the FWM signal is the leftbright and right-dark state (figures 2 (f1) and (f2)).When Δ 2 is scanned at Δ 1 = 0 in figure 2(f3), there will be only twophoton resonance at Δ 2 = 0 ( figure 1(c2) ), so the FWM signal is all-dark state. When Δ 1 is positive ( figure 1(c3) ), it satisfies the shift from suppression peak to enhancement dip on the right of figure 2(f), so it is the left-dark and right-bright state (figures 2(f4) and (f5)).The result of scanning the innerdressing field in the single-dressing mode from E 2 , is denoted by the dressing term
2 in equation (3a). Therefore, from figure 2 we can conclude the two-mode entanglement to originate from nonlinear gain, and the AT splitting, dressed enhancement/suppression of entanglement appears and disappears with or without field dressing. We can observe that the dressed state can effectively modify the entanglement process by moving location of maximum entanglement. Meanwhile, the nonlinear gain can be seen as a 'dressing-like' effect result in a dressed entanglement dip (figure 2(e)) and modulation of two-mode entanglement structure profile ( figure 2(f) ).
III.B. Two-mode entanglement in atomic cavity
Now we consider PA-FWM inside an optical cavity with the injection of coherent fields ( a aS in and a S in ), which can present the shoulder-type line shapes. Here, we investigate the competition of nonlinear gain with the cavity dressing on two-mode entanglement in figure 3 . Subsequently, we investigate the competition of the field dressing with the cavity dressing on two-mode entanglement in figures 4 and 5 in accordance with coherent fields and EPR injection. First, figure 3(a) shows that the quantum correlation varies with the nonlinear coefficient κ/(γ + γ c ) dependent on equation (23); with κ/(γ + γ c ) increasing, the degree of entanglement increasing in the cavity is consistent with the free space in figure 2(a) . Here one can see that the degree of entanglement is enhanced via G in the cavity, which implies that the role of the cavity is the 'dressing-like' nonlinear effect. Here, the two-mode entanglement is determined by nonlinear gain, and nonlinear gain can be enhanced via the atom-cavity coupling effect. From figure 3(b) , one can predict the appearance of the shoulder-peaks versus the Δ/(γ + γ c ) with κ = 0.2 and Ω = 0. The shoulder-type line shapes (AT-like splitting) originated from two vacuum-induced terms (cavity-enhancement term
and cavity-dressing term
in equation (4a)), and the cavity-dressing term
is dominant. Meanwhile, the cavity-mode window, which is induced by atom-cavity coupling when it satisfies the two-photon condition Δ 1 − Δ = 0. As the strong-pump field dressing of E 2 , considering the cavity dressing term
for both coming from the atom-cavity coupling effect and dressing the cavity field in return in equation (4a). The vacuum-induced AT splitting caused by cavity dressing starting to dress the energy levels |1〉 and resonate with the atomic transition |0〉 → |1〉 to create homologous primary dressing states and |1〉 corresponding to left-shoulder (bright state), right-shoulder (bright state) and middle-dip (dark state) in figure 3(b) , then the dip has been enhanced and deepened via the 'dressing-like' effect of nonlinear gain. When Δ is scanned from negative to positive ( figure 3(b) ), it satisfies the shift from suppression to enhancement to suppression, so it is the left-bright, middle-dark and right-bright state. The corresponding dressing suppression conditions
and the dressing enhancement condition is Δ = 0, which is in contrast with the normal AT splitting in figure 2(e) . Meanwhile, we can see at Δ = 0 in figure 3(b) , the quantum correlation variances
are the maximum of entanglement, while at Δ = ±3 close to the shoulder positions of AT-like splitting the variances
Ω becoming all noise. It illustrates that the two-mode entanglement presents amplification only at Δ = 0 position, while at Δ = ±3 corresponding to the left-shoulder and right-shoulder produce the biggest noise. figure 3(c) , also satisfies entanglement degree increasing with κ increasing. What is more, the profile of dashed curves corresponds to quantum variances in figure 3(a) . It intimates that the degree of twomode entanglement can be enhanced and principally relies on amplification of nonlinear gain. These results indicate that both the degree of entanglement and quantum characteristics of the two-mode entanglement can be effectively controlled via the nonlinear gain. Furthermore, when not taking into account the field dressing, we can witness the nonlinear gain and the cavity dressing compete with each other in figure 3(c) . After the common interaction of the cavity-dressing term
in the expression of cavity mode (equation (4a)), which leads to the so-called AT-like splitting of entanglement with shoulder-type lines in figure 3(c) , while nonlinear gain results in modulation of two-mode entanglement structure profile via the dressing-like effect. Figure 3(e) is the 3D simulation corresponding to figure 3(c) .
From the expression for equation (23), entanglement in an atom-cavity composite system can be modified by the dressing state as discussed in figure 2 by adjusting κ via manipulating the corresponding Rabi frequency and the frequency detuning, i.e. G i , Δ 1 , Δ 2 and Δ as follows in figures 4 and 5.
Here, we consider the interaction of the cavity dressing and field dressing with focus on the competition between them inside the optical cavity with the injection of coherent fields. leads to the AT-like splitting of entanglement (two-peaks curves in each panel in figure 4 ), and field-dressing term
2 leads to nonlinear gain modified vacuum Rabi splitting of the entanglement profile ( figure 4(b) ), which exhibits inverted one-dip and two-peak just the same as figure 2(e), where |1〉 is split into dressed states |+〉 and |−〉. In addition, these results demonstrate that the entanglement degree is strongly affected by κ (G) and Δ.
Then, by setting Δ 1 /(γ + γ c ) = −15 (figure 4(e)) and figure 4(f) ), and scanning Δ/(γ + γ c ) as well as Δ 2 /(γ + γ c ) synchronously, the vacuum-induced suppression and enhancement role of the dressed state on the quantum variance of
Where the five curves correspond to the results obtained at figure 4(f) , the profiles of quantum variances show a pure suppression, and the dressing suppression condition is also Δ 1 = Δ 2 . The results predict that the entanglement degree is proportional to κ. When the power of E 2 is relatively weak, the dressing effect may be neglected and the nonlinear effect becomes very weak, and the quantum variances are not affected in figure 4(c) . In comparison with the cases (figures 2(f), 4(e) and (f)) with field dressing and cavity dressing, we may observe that the cavity-dressing term results in nonlinear gain plotting the profile of vacuuminduced enhancement/suppression of entanglement. As discussed above, figure 4 shows the two-mode entanglement can be effectively modified by cavity dressing through the AT-like splitting, and by field dressing through such entanglement profile of the vacuum Rabi splitting and the dressed suppression/enhancement of entanglement. In order to show the effects of cavity dressing and dressing field more clearly, we show the 3D simulations on the two-mode entanglement process in figures 4(g1) − (g6), which correspond to figures 4(a) − (f), respectively. The 3D simulations more clearly show the modified mechanism of entanglement via the dressing state. 
